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Nondimensional Analysis of Reaction-Wheel
Control for Aerobraking
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and
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The equations of motion for an aerobraking spacecraft are nondimensionalized. This process yields three di-
mensionless parameters that intrinsically describe the capability of a reaction-wheel controller to manage angular
momentum during an atmospheric drag pass. These parameters, namely aeromoment, desaturation speed, and
equilibrium momentum, completely characterize the behavior of all reaction-wheel controllers for aerobraking at
any planet. As the names imply, the behavior is determined by the density of the atmosphere, the torque of the
reaction wheel, and the moment of inertia of the spacecraft (and associated parameters). Theoretical bounds on
the three parameters are found, and comparisons to past aerobraking spacecraft are made. Numerical simulations
demonstrate that the established bounds correctly predict the performance exhibited during aerobraking.

Nomenclature
A = system matrix
a = acceleration,m/s2

B = input matrix
C = output matrix
CD = coef� cient of drag
CM® = derivative of spacecraft’s aerodynamic moment

coef� cient with respect to angle of attack, deg¡1

c = polynomial coef� cients
D¤ = characteristic force ratio
d = polynomial coef� cients
E = af� ne term
e = orbit eccentricity
g = local gravity acceleration,m/s2

g¤ = acceleration ratio
H = angular momentum, kg ¢ m2/s or dimensionless
I = moment of inertia, N ¢ m
I ¤ = nondimensionalmoment of inertia
K = feedback gain matrix
M = nondimensionalmoment
M¤ = characteristic torque ratio
m = spacecraft mass, kg
p1 = aeromoment parameter
p2 = desaturation speed
p3 = reaction wheel equilibrium
q = dynamic pressure, N/m2 or dimensionless
r = spacecraft radial distance, km or dimensionless
S = reference area, m2

tchar = characteristic � ythrough time, s
u = reaction wheel control torque, N ¢ m or dimensionless
V = spacecraft velocity, km/s or dimensionless
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x = state vector
® = angle of attack, deg
¯ = inverse scale height, km¡1 , or sideslip angle, deg
° = � ight-path angle, deg
1V = change of velocity magnitude, km/s
2¤ = atmospheric turn angle, deg
µ = true anomaly, deg
¹ = gravitationalparameter, km3/s2

½ = atmospheric density, kg/km3 or dimensionless
¿ = nondimensional time
¿ ¤ = relative desaturation time
Ä = inertial reaction wheel velocity, rad/s
! = inertial spacecraft angular velocity, rad/s

Subscripts

f = � nal value
i = initial value
p = periapsis
rw = reaction wheel
sc = spacecraft (not including reaction wheel)

Introduction

A N aerobrakingspacecraftuses the atmosphereto reduce the en-
ergy of the orbit (Fig. 1). The atmosphericdrag force provides

the desirable 1V to effect the orbit change. During each orbit, the
spacecraftalso accumulatesangularmomentum from several exter-
nal torques, for example, aerodynamic, gravity gradient, and solar
radiation pressure. Traditionally, the spacecraft reaction wheels ab-
sorb this angularmomentum, allowing the spacecraftto remain in an
inertialattitude.As the reactionwheelsbecomesaturated,propellant
isused to eliminatetheacquiredangularmomentum.1 Previousaero-
braking missions have used an open-loop strategy to desaturate the
reactionwheelsduring theatmosphericdragpass.1¡3 Two majordif-
ference exist between these missions and our proposed implemen-
tation. The previousmissions sequenced the desaturationmaneuver
relative to the predicted time of periapsis, whereas our method4;5

senses atmospheric entry and activates a control law accordingly.
The other difference is that past missions relied on attitude-control
thrusters to provide attitude control during the aeropass (in the form
of rate damping on the angleof attack),whereas our proposedmeth-
ods rely solely on reaction wheels to achieve the same effect.

Johnson et al.4¡6 demonstrate that a reaction-wheel attitude-
control law is easily capableof managing the angularmomentum of
a spacecraft similar (in terms of mass and aerodynamic properties)
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Fig. 1 Orbit decay using aerobraking.

to the Mars Global Surveyor (MGS). The performanceof the previ-
ously developed control laws depends on several parameters, such
as the spacecraft’s inertia properties, reaction-wheelstorage capac-
ity and torque limit, and atmospheric density, to name a few. For
each new aerobraking mission, a similar study would have to be
performed to determine if reaction-wheel control is feasible. Simi-
larly, if reaction-wheel control is to be used on any given mission,
the spacecraft would have to be designed within some appropriate
parameter space. The focus of this paper is to present speci� cations
for the spacecraftdesign that determinewhetheror not any reaction-
wheel control law is capable of managing the angular momentum
in an aerobraking mission without the need for propellant-wasting
reaction control.

The literature of aeroassisted maneuvers has a rich theoretical
background and several applications.2;7¡13 NASA plans for regular
missions to Mars at every synodic opportunity includes heavy re-
lianceonaerobrakingto reducepropellantrequirements.Futuremis-
sions to the atmospheric-bearingbodies in the solar system (Venus,
Mars, Jupiter, Saturn, Titan, Uranus, and Neptune) will depend on
aeroassisted techniquessuch as aerocapture,aerobraking,and aero-
gravity assist. In many of these cases, autonomous attitude control
and momentum management will play an important role.

Nondimensionalization of the Equations of Motion
Derivation

The three axes of rotation (pitch, yaw, and roll) are dynamically
coupled. However, the behavior of the aerodynamicallystable axes
in the six-degree-of-freedommodel (pitch and yaw) indicates the
single-axis model is suf� cient for a feasibility study for these two
axes.Thus,we will onlyconsiderthe single-axisequationsofmotion
(EOMs) and apply the results to the pitch and yaw axes indepen-
dently. Angular momentum stored about the roll axis is not directly
controllable. An approach to roll-axis momentum management is
discussed further by Johnson et al.14

The dimensional orbital and momentum EOMs are given by4;13

Pr D V sin ° (1)

PV D
¡q SCD

m
¡ ¹ sin °

r 2
(2)

V P° D ¡¹ cos°

r 2
C

V 2 cos °

r
(3)

Pµ D
V cos °

r
(4)

P® D ! C ¹ cos °

r 2V
(5)

P! D
½V 2SLCM®

2Isc
® ¡

u

Isc
(6)

PÄ D
u

Irw
(7)

We note that the secondterm in Eq. (5) is due to the naturalmotion
of the spacecraft around the planet. Because the spacecraft tends to
remain in an inertially � xed attitude, the angle of attack will vary
as the planet rises and falls relative to the spacecraft. This term is
unique to the pitch axis.5 The corresponding linearized yaw-axis
EOM is simply

P̄ D !yaw (8)

We rede� ne the state variables in Eqs. (6) and (7) to be the mo-
mentum instead of the angular rate, that is, Hsc ´ Isc! and Hrw ´
IrwÄ). Next, we normalize r , V , and q (dynamic pressure, given
by q D 1

2 ½V 2) by their values at periapsis: r p , Vp , and qp . Torque
and angular momentum are normalized by the reaction wheel lim-
its of umax and Hmax . Finally, time is scaled by the characteristic
� ythrough time tchar

15

tchar ´ 1V =ap (9)

tchar D
q

2¼r 2
p

¯
¯e¹ (10)

The characteristic � ythrough time represents the equivalent
amount of time the spacecraft is subjected to periapsis like dynamic
pressures. With these normalizations, all parameters and variables
for the remainder of the paper are dimensionless.

Parameterization
With these substitutions, the dimensional EOMs (1–7) become

Pr D V sin ° ¢ 2¤ (11)

PV D ¡g¤[q ¢ D¤ C .sin° =r 2/] (12)

Pµ D .V cos° =r/ ¢ 2¤ (13)

P° D ¡g¤ ¢ .cos ° =r 2V / C 2¤ ¢ .V cos ° =r/ (14)

PM D Hsc.M¤=I ¤/ C M¤g¤ ¢ .cos ° =r 2V / (15)

PHsc D ¡q ¢ M ¡ .u=¿ ¤/ (16)

PHrw D .u=¿ ¤/ (17)

The nondimensional EOMs in Eqs. (11–17) contain six nondi-
mensional parameters that are de� ned in Table 1.

An orbit shape is characterized by two parameters, for example,
semimajor axis and eccentricity.In our nondimensionalparameteri-
zation, the orbit is characterizedby 2¤ (the atmospheric turn angle)
and g¤ (an accelerationratio). The third parameter D¤ describes the
drag force. The three remaining parameters pertain to the momen-
tum EOMs (15–17).

Two terms produce coupling between the orbital EOMs and the
momentum EOMs. The � rst occurs in the last term of Eq. (15),
due to the presence of ° , r , and V . We note that near periapsis
(the area of interest for aerobraking),this last term is approximately
unity. The second source of coupling is implicit from the q term of
Eq. (16). Because of our choiceof time scaling,q ¼ 0 for jt j > 1 and
q D 1 for t D 0. The exact shape of q.t/ is dependent on the orbit
eccentricity. From our earlier de� nitions, however, q ¼ 1 over one
timescale. Thus, the differences in shape should be fairly minor.

Table 1 Nondimensional parameters

Parameter De� nition Description

2¤ Vp tchar=r p Atmospheric turn angle

g¤ .¹=r2
p/=.Vp=tchar/ Acceleration ratio

D¤ .qp SCD=m/=.¹=r 2
p/ Characteristic force ratio

M¤ ¡qp SLCM®=.Hmax=tchar/ Characteristic torque ratio

I ¤ I=.Hmaxtchar / Nondimensional moment of inertia

¿¤ .Hmax=umax/=tchar Relative desaturation time
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Table 2 Reduced nondimensionalparameters

Parameter De� nition Description

p1

p
M¤=I ¤ Aeromoment

p2 1=¿ ¤ Desaturation speed
p3 I ¤g¤ Equilibrium momentum

With these assumptions,we can decouple the momentum EOMs
from the orbital EOMs and analyze the structure of the momen-
tum EOMs independently. The approximate EOMs inside the at-
mosphere are, thus, given by the linear time-varying system:

PM D Hsc.M¤=I ¤/ C M ¤g¤ (18)

PHsc D ¡q ¢ M ¡ .u=¿ ¤/ (19)

PHrw D .u=¿ ¤/ (20)

For convenience, we make the following de� nitions and approxi-
mation:

p1 ´
p

M¤=I ¤ (21)

p2 ´ 1=¿ ¤ (22)

p3 ´ I ¤g¤ (23)

q.t/ ¼ 1 (24)

The approximationin Eq. (24) is made to simplify the EOMs into
a linear time-invariant system. This approximation is accurate near
periapsis, that is, during the time the controller is active. Our � nal
form of the nondimensionalmomentum EOMs is thus,

PM D Hsc p2
1 C p2

1 p3.cos ° =r 2V / (25)

PHsc D M ¡ up2 (26)

PHrw D up2 (27)

The new nondimensional parameters p1, p2, and p3 (Table 2)
have the following physical interpretations:

1) Parameter p1 is the aeromoment parameter. It describes the
atmosphere’s ability to rotate the spacecraft. Larger p1 values cor-
respond to more dense atmospheres.

2) Parameter p2 is the desaturationspeedof the reactionwheel. A
large p2 means the reactionwheel is capableof despinning(spinning
down from its initial speed to zero) quickly.

3) Parameter p3 is the equilibrium momentum for the pitch axis.
The equilibrium for the spacecraft momentum is ¡p3, and for the
reactionwheel, it is Cp3 (when the total system momentum is zero).
The sideslip angle ¯ has a zero equilibrium value, and thus, we
let p3 D 0 for this special case. By de� nition of p3, we have the
constraint that

0 · p3 · 1 (28)

The linear system can be written as

Px D Ax C Bu C E (29)

H D Cx (30)

where

x D [M Hsc Hrw]T (31)

A D

2

64
0 p2

1 0

¡1 0 0

0 0 0

3

75 (32)

B D [0 ¡p2 p2]T (33)

C D [0 1 1] (34)

E D
£

p2
1 p3 0 0

¤T
(35)

Evolution of Parameters
The parameters p1, p2, and p3 are not constants, but rather they

evolve over time. The � rst two parameters are both directly pro-
portional to tchar , which increases as the orbit decays. The smallest
values of p1 and p2 will, thus, occur on the initial orbit, when or-
bit period is greatest. For a particular control law, the performance
will dependon the spacecraftdesign, the reactionwheels, and atmo-
sphericproperties.The most restrictivecase is the initialaerobraking
pass, where � ythrough time is short: The controller’s performance
will generally improve on subsequent orbits.

If the initial and � nal orbit eccentricities are known, the ratio of
the � nal value of p1 or p2 to its initial value can easily be computed.
For example, MGS captured into a 48-h elliptical orbit (e ¼ 0:9),
and it completed its last aerobraking orbit once it reached a 2-h
orbit (e ¼ 0:1):

p f =pi D
p

ei =e f D
p

0:9=0:1 D 3 (36)

log10 p f ¡ log10 pi D log103 ¼ 0:5 (37)

The p3 parameter is inversely proportional to r 2
pVp . Periapsis

distance will vary signi� cantly less than periapsis velocity. Thus,
the ratio of p3; f to p3;i is found by

p f =pi D r 2
i Vi

¯
r 2

f V f (38)

p f =pi ¼ Vi =V f D
p

.1 C ei /=.1 C e f / ¼ 1:31 (39)

log10 p f ¡ log10 pi ¼ 0:12 (40)

Thus, log10 p1 and log10 p2 can be expected to increase by about
0.5 over the course of a mission,whereas log10 p3 increasesby about
0.12.

Typical Parameters
Table 3 lists dimensionaldata2;3;10;11;16¡18 and the derived nondi-

mensional parameters for three aerobraking spacecraft: Magellan,
MGS, and a hypothetical aerocapture tether.

Magellan’s initial aerobraking orbit was at e D 0:39, whereas
MGS began aerobraking at e D 0:9. To present a fair comparison
between the spacecraft, an eccentricity of 0.9 is used. (The p1 and
p2 values for the initialMagellanaerobrakingorbit are roughly50%
greater than listed in Table 3.) The tether case uses an eccentricity
of 1.54 (which corresponds to the Hohmann transfer) because this
is an aerocapture example.

As we shall see, the determining factors in momentum control
during aerobraking are the p1 and p2 parameters. Reaction-wheel
control is only suitable for spacecraft with p1 À 2. Magellan and
MGS both meet this requirement in the extreme case of e D 0:9,
whereas the tether does not. MGS exceeds this thresholdby a much
greater margin than Magellan, but MGS was designed to aerobrake,
whereas Magellan was not.

Control Laws
We consider three atmospheric control laws. An inertial attitude

hold mode is used until the spacecraft descends through the sensi-
ble atmosphere at t D ¡1, at which time, an atmospheric controller
is activated. At atmospheric exit, any residual angular momentum
is reabsorbed by the reaction wheels, and normal exoatmospheric
attitude control resumes. The three control laws we examine are
the spin down, the af� ne partial state, and the two stage.4;5 First,
we analyze the natural behavior of the system when control is not
applied.
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Table 3 Nondimensional parameters for three spacecraft

Magellan MGS
Hypothetical

Parameter Pitch Yaw Pitch Yaw tethera

e 0.9b 0.9b 0.9 0.9 1.54
¯, 1/km 0.167 0.167 0.145 0.145 0.125
¹, km3/s2 324,859 324,859 42,828 42,828 42,828
r p , km 6,189.3 6,189.3 3,514 3,514 3,490
tchar , s 70.3 70.3 117.8 117.8 95.4
m, kg 1,100 1,100 760 760 2,112
S, m2 22.7 22.7 17.04 17.04 605
L , m 3.7 3.7 8.73 8.73 7,250
qp , N/m2 0.27 0.27 0.18 0.18 7.3
CD 2.2 2.2 1.95 1.95 1.0
CM® , 1/rad ¡0.48 ¡0.57 ¡0.21 ¡0.57 ¡1.0
I , km ¢ m2 2,209 1,204 410 814 1.07£ 1011

Hmax , km ¢ m2/s 27 27 22 22 N/A
umax , km ¢ m2 /s2 0.18 0.18 0.14 0.14 N/A
2¤ 0.113 0.113 0.161 0.161 0.154
g¤ 0.060 0.060 0.085 0.085 0.060
D¤ 0.00145 0.00145 0.00227 0.00227 0.591
M¤ 28.22 33.86 30.13 82.18 N/A
I ¤ 1.16 0.63 0.16 0.31 N/A
¿¤ 2.13 2.13 1.33 1.33 N/A
p1 4.92 7.30 13.8 16.2 1.64c

p2 0.47 0.47 0.75 0.75 N/A
p3 0.069 0d 0.013 0d N/A
log10 p1 0.69 0.86 1.14 1.21 0.22
log10 p2 ¡0.33 ¡0.33 ¡0.12 ¡0.12 N/A
log10 p3 ¡1.16 ¡1 ¡1.87 ¡1 N/A

aTether example does not have reaction wheels; thus correspondingparameters are not
applicable.
bMagellan began aerobraking at e D 0:39; data are presented for e D 0:9 to allow com-
parison to MGS.
c M¤=I ¤ is de� ned even though M¤ and I ¤ are not de� ned individually.
dFor the yaw axes p3 ´ 0

No Control
We can gain insight into the behavior of the system by � rst con-

sidering the case of no control. In this case, the reaction wheel is
held at constant speed when the spacecraft enters the atmosphere,
and thus, u D 0. The open-loop eigenvalues are easily seen to be

¸ D f0; §|p1g (41)

The oscillations in the spacecraft’s attitude are therefore, un-
damped with a (nondimensional)frequencyof p1 radian. Thus, the
instantaneous period of a single oscillation in the spacecraft’s at-
titude should be 2¼=.

p
.q/ p1/. The shortest period occurs at peri-

apsis, where q D 1. Away from periapsis, the period of oscillation
is longer. The average period of oscillation (during the aerobrak-
ing pass) is, thus, larger, numerically found to be roughly 8=p1.
Because the sensible atmosphere spans about two time units, the
spacecraft oscillates through at least one full cycle when p1 ¸ 4.
A half-cycle de� ection yields the worst performance, because the
resulting angle-of-attack history is maximally biased. (The space-
craft’s angle of attack reaches a maximum at periapsis.) For this
reason, the region near p1 D 2 presents the most challengingcontrol
problem, because a reaction-wheel controller needs at least a full
period to damp out angle-of-attack oscillations, or only a fraction
of a period to use a passive momentum management scheme.

As indicated earlier, Magellan and MGS are both in the p1 À 2
region (and thus, reaction-wheelcontrol is feasible for these space-
craft), but the tether is not, (because p1 D 1:64 < 2). The best ap-
proach for momentum control of the aerobraking tether is to follow
the passive scheme.16

Spin Down
The spin-downcontrollerappliesmaximumtorque to the reaction

wheel when the spacecraft is near periapsis. This mechanism is
possible because the spacecraft can torque against the atmosphere,
which tends to keep the spacecraft from rotating, while the wheels
are desaturated. The spin-down control law works best if started

near periapsis, where the atmosphere is densest. In terms of the
nondimensionalvariables, the time required to spin down a reaction
wheel with stored momentum Hrw is simply Hrw=p2 . The control
law is activated at t D ¡ Hrw=2p2 so that the spin down will be
halfway complete at periapsis.

We can immediately place a lower bound of the value of p2. The
actual atmospheric� ythrough time is approximatelytwo timescales
(2tchar). The spin-down operation must take place within the atmo-
sphere, and so we have the constraint that

Hrw=p2 < 1=p2 < 2 (42)

This leads us to identify a critical value p2;crit , such that

p2 > p2;crit D 1
2 (43)

This constraint states that the reaction wheel must be capable of
desaturating within the sensible atmosphere. From Table 3, we see
that MGS meets this requirement for all orbits. Magellan is slightly
below this threshold for the e D 0:9 case but meets the requirement
for its initial aerobraking orbit (where p2 D 0:7).

Af� ne Partial State
The af� nepartial-statecontrolleruses feedbackfromthe two mea-

surable state variables, Hsc and Hrw. Without the ability to measure
the third statevariable M , the closed-loopsystempoles cannotbe ar-
bitrarilyplaced.Furthermore, the system is time varyingso that neg-
ative eigenvalues are insuf� cient for closed-loop stability. We take
the approach of � nding the feedback gain vector, K D [0 Ksc Krw],
to minimize the maximum real component of the eigenvalues.

For any monic polynomial with exactly one speci� ed coef� cient,
the minimax solution occurs when the roots are real and identical.

Proof by Contradiction
Consider the monic polynomial, cn D 1, given by

p.s/ D
nX

k D 0

³
n

k

´
cn ¡ k

k sk (44)

If the j th term is the only speci� ed term, then the minimax solution
is given by ck D c j for all k, which yields

p j .s/ D
nX

k D 0

³
n

k

´
cn ¡ k

j sk (45)

p j .s/ D .s C c j /
n (46)

Let us assume that p j .s/ is not the minimax solution.In otherwords,
every root of p.s/ has a real part smaller than c j . We will call this
better polynomial q.s/

q.s/ D
nX

k D 0

³
n

k

´
dn ¡ k

k sk (47)

q.s/ D
nY

i D 1

.s C c j C ²i / (48)

Our constraints are that d j D c j (the j th term is � xed), and
<f²i g > 0 for all i . [We need every root of q.s/ to be smaller than
c j .] Expansion of Eq. (48) reveals that

³
n

j

´
dn ¡ j

j D
.n

j/X

k D 1

n¡ jY

i D 1

¡
c j C ²ki

¢
(49)

³
n

j

´
dn ¡ j

j >

³
n

j

´
cn ¡ j

j (50)

d j > c j (51)
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However,our originalassumptionwas thatd j D c j , that is, the j th
term was � xed, and so we have a contradiction. Therefore, if any
term in a polynomial has exactly one coef� cient that is � xed, with
the rest arbitrary, then the polynomial that minimizes the maximum
real part of the roots is the polynomial with n repeated real roots.

Application to the Af�ne Partial State Controller
The characteristicpolynomial for the closed-loop system is

s3 C s2 p2.Ksc ¡ Krw/ C sp2
1 ¡ Krw p2

1 p2 D 0 (52)

In Eq. (52), the s term has a � xed coef� cient (no feedback avail-
able).Becausethes termis theonlysuchterm,we knowtheminimax
solution occurs when all roots are real and identical.From Eq. (52),
we deduce the (triple-root) closed-loop eigenvalue to be

s D ¡p1=
p

3 (53)

The required feedback coef� cients are given by

Ksc D 8p1

¯p
27p2 (54)

Krw D ¡p1

¯p
27p2 (55)

One important result from picking gain values proportional to
p1=p2 is that the desaturationparameter p2 scales out of the charac-
teristic polynomial.In otherwords,as long as the constraintEq. (43)
holds, the system performance is independentof the reaction wheel
size.

The optimal feedback parameters are functions of atmospheric
parameters, which may not be known very precisely and could sub-
stantially differ from orbit to orbit. We have found this control ap-
proach to be very robust, even with orbit-to-orbitdensity variations
ranging from 10 to 200% of nominal values. The robustness is dis-
cussed in further detail by Johnson et al.6;14

Two Stage
The af� ne partial-state controller works best when started early

during the drag pass, and the spin down controller works best near
periapsis. The two-stage controller combines the af� ne partial-state
and spin-down controllers.4;5

Results
Thereare threesigni� cantcontrolstrategies,basedon theaeromo-

ment parameter. For suf� ciently large p1, a reaction-wheel control
law is capable of controlling the attitude while dumping the system
angular momentum.4;5 This active control operates best when the
angle-of-attackoscillationshave a small amplitude.The entry angle
of attack is chosen to minimize this amplitude.

When the aeromoment is too small, a reaction-wheel controller
does not have enough time per drag pass to dump all of the system
momentum. However, a speci� c entry attitude can yield the desired
1H . This passive-controlstrategyof targeting for a particularentry
attitude applies when the spacecraft’s attitude oscillates through a
fraction of a period (and is thus predictable).

We can also employ both techniques to achieve a more robust
controller. An entry attitude is selected such that the natural oscil-
lations of the spacecraft should result in zero system momentum
after the drag pass. For high p1, this entry-attitude scheme is virtu-
ally impossible because any perturbation on the atmospheric den-
sity would ruin the estimate. Once atmospheric entry is detected,
reaction-wheelcontrol is used to dump angularmomentum actively.
However, for low p1, this dumping scheme is ineffectivebecauseof
insuf� cient time. As we shall see, a composite strategy accommo-
dates systems for arbitrary values of p1 , that is, from very low to
very high.

Case 1: High Aeromoment (Active Control)
Figure 2 shows the fractional momentum remaining after a drag

pass using the spin-downcontrollerover a rangeof p1 and p2 values.
The blue regions indicate no angular momentum is remaining after

Fig. 2 Fractional momentum remaining after a drag pass using spin-
down controller: horizontalaxis provides the aeromoment(atmospheric
density), vertical axis provides the desaturation speed (reaction-wheel
strength), blue regions indicate greatest reduction of angular momen-
tum, and red regions indicate insuf� cient dumping.

a pass,whereas a red region indicates the � nal momentum is at least
100%of reactionwheel capacity.The reactionwheel is initiallyfully
saturated(arbitrarilyin the positivedirection).We allow the reaction
wheel to be saturated initially to maximum capacity to demonstrate
the worst-case performance. A wheel with leftover margin would
behave at least as well as a smaller wheel with no margin, that
is, by a simple rescaling of the nondimensional parameters. (The
performancewill not necessarilybe identicalbecauseof the inherent
nonlinearity of saturation.)

As predicted earlier, there are minimum values of p1 and p2

for which the control law works. When a log scale is used, the
predicted constraints for feasible control are log10 p1 > 0:3 and
log10 p2 > ¡0:3. However, the spin-down controller can suffer if
p2=p1 exceeds some threshold. If p2 is large, the reaction wheel
despins too quickly. The net result is that the spacecraft’s attitude is
mostly uncontrolled because no control is used before or after the
desaturation.Whereas the natural oscillations in the spacecraftwill
tend to pick up additional momentum, the initial bias is removed.
Because a weaker reaction wheel performs better in this case than a
stronger reaction wheel, the control law can easily be modi� ed by
reducing the torque to prolong the spin-down duration.

The control law performance near the critical p2 threshold is co-
incidentallydue to a fortunateinitial conditionin the angleof attack.
In some of the cases, the entry angle of attack is such that the net an-
gular momentum accumulation is destructive, and the � nal system
momentum is low. In the remaining cases, the net angular momen-
tum accumulation is constructive, and the � nal system momentum
is even larger. Because a small perturbation in the atmospheric den-
sity pro� le can shift the locationsof these waves, we cannot use this
effect to our advantage. This limitation is inherent to the high p1

case, as will be shown later.
The af� ne partial-state controller (Fig. 3) performs noticeably

better than the spin down. This controller is able to operate in
a lower p2 range than the spin down can and has more consis-
tent behavior at low p1. Furthermore, the closed-loop eigenvalues
[Eq. (53)] are solely a function of p1 as the results in Fig. 3 con� rm
for log10 p2 > log10 p2;crit D ¡0:3. There is a slight gradient in the p2

direction, however. Equation (53) was derived from idealized as-
sumptions that ignore the reaction-wheeltorque limit. In the low p2

cases, the reaction-wheeltorquesaturates,and thus, the commanded
torque is less than the requested torque. For high p2 , the requested
torque is available. One important difference between the af� ne
partial-state and spin-down controllers is that the former improves
with increasing p2, whereas the latter worsens.

The two-stage controller (Fig. 4) is the best out of the three con-
sidered laws.At � rst glanceat Fig. 4 we noticethat the lightlyshaded
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Fig. 3 Fractional momentum remaining after a drag pass using af� ne
partial-state controller.

Fig. 4 Fractional momentum remaining after a drag pass using two-
stage controller.

regions are greater in area than for the other two control laws. From
a practical consideration,the two-stage controller is also less sensi-
tive to periapsistiming errors4;5 than the spin-downcontrollerwhile
still maintaining the advantage of the af� ne partial-state controller.
These aspects make the two-stage controller the most robust of the
three considered control laws.

Case 2: Low Aeromoment (Passive Control)
For low p1, the atmospheric density is too thin (or the spacecraft

is too massive) for the atmosphere to de� ect the spacecraft’s atti-
tude signi� cantly. In this case, we can make the approximation that
PHsc D 0. Equation (25) can be solved:

PM D Hsc p2
1 C p2

1 p3.cos° =r 2V / ¼ p2
1.Hsc C p3/ (56)

M .t/ D M .t0/ C p2
1 [Hsc.t0/ C p3].t ¡ t0/ (57)

Thus, the angle of attack grows linearly in the vicinity of pe-
riapsis. With this solution to the time history of M .t/ (and a few
more assumptions),we can calculate the angular impulse the space-
craft receives at periapsis and use this information to select the
proper entry attitude to remove passively the spacecraft’s angular
momentum.

When no control is used, Eq. (26) becomes

PHsc D ¡q ¢ M (58)

Integrating Eq. (58) over the drag pass will yield the 1H . Let
the atmosphere be modeled by the (nondimensional) exponential
density law:

½ D exp[¡¯r p.r ¡ 1/] (59)

From Table 1, we have that

2¤ D
Vp tchar

r p
(60)

2¤ D

s
¹.1 C e/2¼r 2

p

¯r 3
pe¹

(61)

Thus,

2¤2 D
2¼.1 C e/

¯r pe
(62)

so that

¯r p D 2¼.1 C e/

2¤2e
(63)

Substituting Eq. (63) into Eq. (59) yields

½ D exp

µ
¡2¼.1 C e/.r ¡ 1/

2¤2e

¶
(64)

The aerodynamic moment will be proportional to q , which must
be integratedover the entire drag pass. Because the density changes
much faster than the velocity, we can approximate the velocity as a
constant over the orbit. To integrateq over the entire orbit, we need
to express the term r ¡ 1 in Eq. (64) in a more convenientfashion.15

We approximate it with a Taylor series in powers of true anomaly
µ , noting that, because r ¡ 1 is an even function, then only even
powers of µ will be present in the expansion.

Thus, the nondimensionaldynamic pressure is found to be

q D ½V 2 ¼ exp

µ
¡2¼.1 C e/.r ¡ 1/

2¤2e

¶
(65)

and the nondimensionalaltitude is obtained from

r ¡ 1 D 1 C e

1 C ecos µ
¡ 1 D

e ¡ ecosµ

1 C ecos µ
(66)

r ¡ 1 D e

µ
0 C 0µ C 1

2.1 C e/
µ 2 C ¢ ¢ ¢

¶
D

eµ 2

2.1 C e/
(67)

Combining Eqs. (65) and (67) yields

q D exp
£
¡¼.µ=2¤/2

¤
(68)

From the angular momentum EOM

PHsc D ¡q ¢ M D ¡q ¢
£
M.0/ C p2

1.Hsc C p3/t
¤

(69)

We can write [with the help of Eqs. (13), (69), and (68)]

dH

dµ
D

PH
dµ=d¿

dH

dµ
D ¡

M .0/ C p2
1.Hsc C p3/t

2¤ exp

"
¡¼

³
µ

2¤

2́
#

(70)

At apoapsis, the atmospheric density is negligible (for moderate
to high eccentricities). The form of Eq. (70) has a simple closed-
form solution if we extend the limits of integration to §1. A true
anomalyin theaddedrangehasnophysicalmeaning,that is, ourden-
sity function is not periodic, but because the atmospheric density is
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negligiblein this realmanyway, theerror in usingthis approximation
is small. Furthermore, Eq. (70) is the sum of an even function and
an odd function. The integral of the odd function over §1 is zero.
Finally, the impulsive 1H is given by

1H D ¡
Z 1

¡1

M.0/

2¤ exp

"
¡¼

³
µ

2¤

2́
#

dµ (71)

1H D ¡M.0/ (72)

The passivemomentummanagementstrategyis, thus, to target the
inertial attitude such that the normalized angle of attack at periapsis
is equal and opposite in magnitude to the stored momentum. This
strategy is used by Longuski et al.16 for aerobraking tethers. For the
low p1 case, atmosphericperturbationswill not signi� cantly disturb
the spacecraft’s attitude. Thus, we can propogate the desired angle
of attack at periapsis backward to the entry condition.

Figure 5 illustrates the � nal momentum after a drag pass using
passive control. As with the earlier cases, the initial reaction wheel
saturation is 100%. A reaction wheel is still used to maintain an in-
ertial attitudebeforeatmosphericentry, and thus, Fig. 5 is a function
of both p1 and p2 . However, the performanceof the passive-control
method is largely independentof p2 in the low p1 regime.As we can
see from Fig. 5, the region for which the passive control is designed

Fig. 5 Fractional momentum remaining after a drag pass using pas-
sive control.

Fig. 6 Fractional momentum remaining after a drag pass using spin-
down controller.

Fig. 7 Fractional momentum remaining after a drag pass using af� ne
partial-state controller.

Fig. 8 Fractional momentum remaining after a drag pass using two-
stage controller.

(log10 p1 ¿ 0:3) is predominantlyblue, which indicates that most of
the angular momentum is dumped.

Case 3: Composite Strategy
We now combine the active- and passive-control strategies to

yield a method that is appropriate for any value of p1 . The entry
attitude is chosen to remove passively the stored momentum, and
a reaction-wheel control law is used during the � ythrough. The
difference in selected entry attitude will be irrelevant for high p1

because a reaction-wheel controller is much more insensitive to
entry conditionsin this realm. The results for this case are presented
in Figs. 6–8. In these cases, the performance in the high p1 portion
is nearly identical to the earlier results in Figs. 2–4. The composite
strategy extends the reaction-wheelcontrol capabilitiesinto the low
p1 regime, as well as into the dif� cult to control intermediate p1

regime (p1 ¼ 2).

Conclusions
The nondimensionalanalysis reveals three parameters that deter-

mine control law performance.The � rst of these is the aeromoment
parameter, which is a function of atmospheric and aerodynamic
properties. The second is the desaturation speed parameter, which
describes the relative strength of the reaction wheel. The third is
the reaction-wheel equilibrium parameter, which is a function of
gravitational and moment-of-inertiaproperties.
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Theoretical limits (which are controller-independent) are derived
for the three parameters. In all cases, the reactionwheel must be ca-
pableof desaturationwithin the atmosphere,and the reaction-wheel
equilibrium momentum must be within the reaction-wheel limits.
For active control, the aeromoment should be large enough for os-
cillations in attitude to occur. For passive control, the aeromoment
should be very small to allow accurate predictions of angular im-
pulse. These limits are necessary (but not suf� cient) conditions for
suitable performance.

Three reaction-wheel control laws are considered: spin down,
af� ne partial state, and the two stage. Numerical simulations indi-
cate that the theoretical limits are necessary and suf� cient condi-
tions for the af� ne partial-stateand two-stage controllers.However,
the spin-down controller has an additional constraint in that the
reaction-wheel strength cannot be too large. By contrast, the af� ne
partial-state and two-stage controllers perform better with increas-
ing reaction-wheel strength.

In general, these analytic resultsdetermine limits on the designof
spacecraft attitude-control systems to be used in aeroassisted mis-
sions. The three characteristic parameters provide speci� c guide-
lines for missions at any of the atmosphere-bearing bodies in the
solar system.
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